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Cn ■ Abstract 



Qh! We further develop the new approach, proposed in part I, to computing the 

heat kernel associated with a Fermion coupled to vector and axial vector fields. 



We first use the path integral representation obtained for the heat kernel trace 
in a vector-axialvector background to derive a Bern-Kosower type master 
formula for the one-loop amplitude with M vectors and N axialvectors, valid 
in any even spacetime dimension. For the massless case we then generalize 
this approach to the full off-diagonal heat kernel. In the D = 4 case the SO (4) 
structure of the theory can be broken down to SU (2) x SU (2) by use of the 
't Hooft symbols. Various techniques for explicitly evaluating the spin part of 
the path integral are developed and compared. We also extend the method 
to external fermions, and to the inclusion of isospin. On the field theory side, 
we obtain an extension of the second order formalism for fermion QED to an 
abelian vector-axialvector theory. 

11.15.Bt 

Typeset using REVTpX 



*fad@julian.uwo.ca "l4mleafs@apmaths.uwo.ca -l-schubertQlapp. in2p3.fr 

1 



1. INTRODUCTION 



It has been known for a long time that first-quantized particle path integrals are some- 
times a useful alternative to standard second-quantized methods in quantum field theory. 
Introduced by Feynman himself at the dawn of relativistic quantum field theory JE], particle 
path integral techniques have found applications to a variety of problems in quantum field 
theory, ranging from QED ||]|| to anomalies [§]-§], meson- nucleon theory 0, and non- 
perturbative QCD |8|U. Only in recent years, however, was this approach also seriously 
considered as a competitor to standard Feynman diagram methods for the calculation of the 
basic quantities in perturbation theory such as one-loop scattering amplitudes. The renewed 
interest in this approach is largely due to the work of Bern and Kosower, who derived new 
rules for the construction of one-loop QED/QCD and supergravity amplitudes by analyz- 
ing the infinite string tension limits of the corresponding amplitudes in appropriate string 
models |10| . Those "Bern-Kosower Rules" were applied successfully to the calculation of 



five-gluon amplitudes [|Il|] as well as four-graviton amplitudes fl2]| . Strassler |T3| succeeded 
in rederiving those same "Bern-Kosower Rules", without the use of string theory, by rep- 
resenting the QED/QCD one-loop effective action in terms of suitable first-quantized path 
integrals, and evaluating them in a way analogous to string theory |14| []. This approach 



to the Bern-Kosower formalism has been further developed by various authors [|I^-f2T]]. It 
turned out to be very effective for the calculation of photon amplitudes in QED, in particular 
for problems involving constant external fields [fZ2}-|2T)|] , 

A similar formalism was developed in an independent line of work starting from the heat 
kernel representation of quantum field theory propagators [f27H29H . For a discussion of the 



differences between both approaches see |3(J 



Until very recently particle path integral representations for one-loop effective actions 
were known essentially only for scalar and for (vector-) gauge theories. Generalizations to 
Yukawa and axial couplings were constructed heuristically in |31], and more rigorously and 



completely in p2"|| , where the general case of a spin | - loop coupled to background scalar, 
pseudoscalar, vector, axial-vector, and antisymmetric tensor fields was treated. However in 
both cases the construction of the path integrals had to be done separately for the real and 
the imaginary parts of the (Euclidean) effective action. Moreover, for the imaginary part 
certain "insertion operators" had to be defined in addition to the worldline Lagrangian. In 
part I of the present series |33[ the case of a vector - axialvector background was considered, 
and a path integral representation for the corresponding one-loop effective action derived 
which avoids both of these complications. Let us repeat this derivation shortly. 

One-loop axialvector and vector current correlators can be extracted from the determi- 
nant of the non-Hermitian operator H — im where 

# = + 4 + 75 4 5 > (P=~td) (1.1) 

(in Euclidean space) [||,[34]]. It has proved possible to deal with this functional determinant 



1 In the nonabelian case the arguments of [13] fall somewhat short of a complete rederivation of 
the Bern-Kosower rules. 
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without resorting to a decomposition into its real and imaginary parts [}4|,|3"4||. The basic 
identity used in our present approach is 



(j/ + 4 + 7 5 4 5 ) 2 = (p„ + A. - ^ A sf + (D - 2)A\ 



[1.2) 



valid for any even dimension D in Euclidean spacetimeQ. Our object of interest is the heat 
kernel 



K(y,z;T) 



z) . 



1.3) 



Standard arguments []36| show that we can represent K as a path-ordered quantum mechan- 
ical path integral as follows, 



K{y,z;T) 



x(T)=y 
x(0)=z 



Vx{t)V exp 



— / C (x, 7) dr 



(1.4) 



where 



£(x, 7) = j + ^ ■ i - \ [7", 71 - ^) 

-^75 [7 M , 71 + vysdpAS + {D- 2)Al . 



1.5) 



In |33| only the effective action was considered, which is obtained from the heat-kernel K 
by taking the functional trace and integrating over proper-time. The coherent state method 
f32| , |3"7H was then used to transform the trace over spinor indices into a Grassmann path 
integral, with the result 
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L = -x 2 + —1/; ■ ip + ix ■ A — iip ■ F ■ ij) 



-2x ■ ipip ■ A 5 + d ■ A 5 +(D- 2)A\ 



;i.6) 



;i.7) 



Although our use of the coherent state method completely parallels |32| we spell out the 
details of this transformation in appendix |A] for completeness (for D — 4). The result is a 
formal correspondence [7 M ,7 I/ ] — > 4?/> M ?/> t ' , 75 — > 75. This formula for the effective action is 
valid for any even spacetime dimension, and also for the massive case. For fixed T one has 



2 We work in the Euclidean throughout with a positive definite metric = diag(+ + ...+). Our 
Dirac matrix conventions are (with some abuse of notation) {7^,71,} = 2g^ u , 75 = 1, 7^ 5 = 7^5, 
VjM> = o [7a" lAi Z 1 ' u = 1) • • • 1 D. The Euclidean e - tensor is defined by £\...d = +1- We do not 
differentiate between superscripts and subscripts. The corresponding Minkowski space formulas are 
obtained by g^ v 77^ = diag(- + . . . +),k D -> -ik°,T -> is,e^^ D -> ^i-Mo^o-p-i) = +1. 
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to calculate a coordinate path integral / T>x over the space of all closed loops in spacetime 
with periodicity T, and a Grassmann path integral / Dip. The boundary conditions on the 
Grassmann path integral are, after expansion of the interaction exponential, determined by 
the power of 75 appearing in a given term; they are (anti) periodic with period T if that 
power is even (odd). After the boundary conditions are determined 75 can be replaced by 
unity. 

In part I it was shown how to apply this path integral to a calculation of the effective 
action itself in the heat kernel expansion, both for its anomalous and non-anomalous parts. 
In the present paper we exploit it for deriving master formulas for the one-loop (off-shell) 
amplitudes with an arbitrary number of vector and axial-vector legs. Those are extensions 
of the string-inspired master formula for QED photon scattering, which in turn is a special 
case of the QCD Bern-Kosower master formula [|K] . 

We then investigate alternative methods for computing the general element of the heat 
kernel. Although these methods apply to both diagonal and off-diagonal calculations, for the 
latter we must restrict our attention to the massless fermion since a mass parameter turns 
out to be problematic. We use the Fradkin-Gitman (FG) formalism to eliminate the 
Dirac matrices in ( |1.4j ) in favour of Grassmann parameters; for this we recall the approach 
of |39| . We then demonstrate how both V exp Jo drA^(r)a^ and Vexpjj dr A{r) ■ a can 
be written as closed linear combination of spin matrices, thereby completely circumventing 
the need for introducing any Grassmann integration. The latter path-ordered operator is 
relevant in connection with our observation that the matrix valued Lagrangian appearing 
in (|1.4p commutes with the chirality operator 75. We exploit this property by showing how 
the decomposition of the SO (4) generators <j^ u appearing in ( |1.4j ) into the generators of the 
£77(2) subgroups by use of the 't Hooft symbols 77* (originally introduced in the context of 
instantons ||40|| ) can simplify the functional integral considered in ( |1.4| ). The utility of this 
approach is illustrated by a calculation of the axial anomaly. 

We also demonstrate that when the Dirac structure of K is decomposed using the FG 
approach, the resulting zero-mode dependence leads to a very natural functional interpreta- 
tion of the "Feynman rules" occurring in the coherent state method. We show how external 
fermions can be integrated into the FG approach and how this leads to a suitable unification 
of the background axial, vector and spinor cases. The possibility of handling isospin in the 
same way that we have treated ordinary spin is also considered briefly. For the pure vec- 
tor case we also examine the interplay between worldline supersymmetry and the fermionic 
boundary conditions, using a theorem from + 1 dimensional topological field theory. 



2. A MASTER FORMULA FOR THE ONE-LOOP VECTOR - AXIALVECTOR 

AMPLITUDES 

Generally, as a first step in any evaluation of the double path integral in ( |1.6|) one has 
to eliminate the zero mode(s) contained in it. For / T>x this is done by fixing the average 
position of the loop, i.e. one writes 

x^T)=x l + y^T) 

Vx = f dx f Vy (2.1) 
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a# = i l T drx^T) (2.2) 



where 

TJo 

The Grassmann path integral has a zero-mode only in the periodic case. This must again 
be separated out, 

r(r) = ^ + e(r) (2.3) 

/ d r ^(r) = (2.4) 
Jo 

The zero mode integration then produces the e - tensor expected for a spinor loop with an 
odd number of axial insertions, 

c^oV^o 2 ■■■^o D = ^™ (2-5) 



The remaining y - and £ - path integrals have invertible kinetic terms. In the "string- 
inspired" formalism they are performed using worldline Green's functions adapted to the 
boundary conditions, 

(y»(n)y v (T 2 )} = -g^G B ( n ,T 2 ) 

(V(T 1 )V(T 2 )) A = g^ l -G F {T 1 ,T 2 ) 

(e(r 1 )C(r 2 ))p = 9 IMul -G B (r ll r 2 ) (2.6) 

where f\ 

n t \ I i ( r i ~ r 2) 2 
G B {n, t 2 ) = \ti-t 2 \ 

Ti — T 2 

G B (ri, t 2 ) = sign(ri - t 2 ) - 2 — - — 

G f (ti, t 2 ) = sign(ri - t 2 ) (2.7) 

A "dot" always refers to a derivative in the first variable. The last information needed are 
the free Gaussian path integral determinants, which with the present conventions are Q 



_D 

" 2 



J Vye~fo dT ly 2 = (4vrT)" 
V?Pe-fo dT ^ = 2% =: N A 

i 

J p V£e-fo dT ^< = (_l)T = : AT p (2.8) 



3 There is a certain freedom in the choice of the bosonic correlator. Our G B is the one generally 
used in the "string-inspired" formalism. It yields the same final results as the one employed in pj| , 
as discussed in [BC(|. 



4 When comparing to [33 note that we have shifted a factor of 2 2 from the overall factor to the 
fermionic path integral. 
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To extract the scattering amplitude from the effective action, as usual we must specialize 
the background fields to plane waves, and then keep the part of the effective action which 
is linear in all polarization vectors. As a preliminary step, it is convenient to linearize the 
term quadratic in A 5 by introducing an auxiliary path integration, writing 



cxp 



-(D - 2) £ ' drAl] = J Vz exp [- £ dr{^— + iy/D - 2z ■ A 5 ) 



This allows us to define an axial-vector vertex operator as follows, 

V A5 [k, e} = J dr (is ■ k + 2e ■ ipx ■ ip + VW^2e ■ z) e ik ' x 



(2.9) 



(2.10) 



Before using this vertex operator for Wick-contractions, as usual it is convenient to formally 
rewrite it as a linearized exponential. This can be done introducing Grassmann variables, 



T 



dr J d6 exp ik ■ x + iOe ■ k + \Ple ■ ip + V29x ■ ip 
+y/D-2 6e-z] | Me) 



(2.11) 



Here 9 is a Grassmann variable with / d99 = 1, and e must now also be formally treated 
as Grassmannian. The vectors are represented by the usual photon vertex operator familiar 
from string theory 



V, 



= I dr 

a 

rT 



=l' dT I 



ik-x 



e ■ x + 2ie ■ ipk 
d9exp ik-(x + V29ip) + e ■ (-9x + V2ip)\ |i in(e ) 



C2-12) 



which we have also rewritten as a linearized exponential. Those definitions allow us to 
represent the one-loop amplitude with M vectors and iV axialvectors in the following way, 



r[{ki,ei},{k 5j ,e 5j }] = ~N AP (-i 



M+N 



U1 -m?T 



— e- m ^{A-KT) 
x(Va[A;i,£i] . . . V A [k M ,e M }VA 5 [hi,e 5 i] . . . V Ar> [k 5N ,e 5N ] 



D_ 

2 



(2.13) 



where the global sign refers to the ordering E\Ei . . . £m^5i^52 • • • of the polarisation vec- 
tors. It is then straightforward to perform the bosonic path integrations, 

JvxJ VzV A [k 1 ,e l }...V A5 [h N ,e 5N }e~ I « dT ( Sr+ * r ) = 



d,9. 



(4ttT) t J dn---Jd6 M f dr 5l ---J 

x expj^Gs/jK/ • Kj - i9iG B ijei ■ Kj - iV29 5i G B iAi • Kj 

— -GBij9i9jSi ■ Ej — V2GBij9i9 5 jEi ■ ipj — GBij95i9 5 jipi ■ ipj 
+V2(ei ■ ipi + e 5j + V2i9iki ■ fa + i9 5i e 5i ■ k 5i 
-(D - 2)S(Ti - T j )9 5i 9 5j e 5i ■ £ 5j | |im({ £l } ; { £5j }) 



(2.14) 
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Here and in the following all small repeated indices run over either the vector or the axial 
vector indices, while capital repeated indices run over all of them ({Kj} denotes the set of all 
external momenta). The remaining ip - path integral is still Gaussian. For its performance 
we must now distinguish between even and odd numbers of axialvectors. For the antiperiodic 
case, N even, there is no zero-mode, and the integration can still be done in closed form. The 
only complication is the existence of the term —GsijO^iO^jipi ■ ipj- It modifies the worldline 
propagator Gp to 



G^ 2 = 2{t x \ (d + 2BW)~ |r 2 ) (2.15) 

where denotes the operator with integral kernel 

B {N \n, r 2 ) = 8{r x - r. W^GnuO^ir, - r 2 ) (2.16) 

(B( N > acts trivially on the Lorentz indices, which we suppress in the following). Expanding 
the right hand side of eq. ( |2. 15| ) in a geometric series and resumming one obtains a matrix 
representation for Gp 1 ^, 

= — 9l — = G F -G F QG F + ... (2.17) 
F 1 + QG F V ' 

Here Qy is the antisymmetric N x N matrix with entries O^GsijOsj (no summation). More- 
over, the fermionic path integral determinant changes by a factor 

Det^ (ll + 2B {N) d~ 1 ) = det(i + QG F )% (2.18) 

as is easily seen using the Indet = trln - formula (note that on the left hand side we have a 
functional determinant, on the right hand side the determinant of a iV x iV matrix). Using 
these results the fermionic path integral can be eliminated, yielding the following master 
formula for this amplitude, 



N A( M+N r°°dT 2r 



r eV en[{^}; {h J} e 5j }} = -- — e" m ' J (4ttT)- > 



D 



D_ 

2 



x J T dn J d6i--- J T dr-,.\ / «W.-,n del ( U - 0(7,,) 
1„ „ „ =. ^ 1 

"3 



x expl^GsuK! ■ Kj - i6iG Bi jEi ■ Kj - -^GBifififti • £j 



hi 



— [£i + idih + E 5i — i0 5i GBiRK R + GBir^U^r^-r 

■(sj + iOjkj + e 5j - i6 5j G B jsK s + G B j s dBjOs£s) + iO^u • h 

-(D - 2)S(Ti - Tj)8 5i 9 5j £ 5i ■ £ 5j \ |lin({ £i };{ eEy }) (2.19) 

As is usual in the string-inspired formalism all momenta are outgoing. Let us verify the 
correctness of this formula for the case of the massive 2-point axialvector function in four di- 
mensions. Expanding out the exponential as well as the determinant factor, and performing 
the two 9 - integrals, we obtain the following parameter integral, 
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r[k 1 ,e 1 ;k 2 ,e 2 } = 2 —e- mT (4nT)-- drj dr 2 
Jo 1 Jo Jo 

xe G B12fcl .fe j 2(jD _ 2)5{ji _ T2)£i . £2 _ (jD _ i)G B12 GP Fi3£l ■ e 2 

-G F12 G 2 B12 (e 1 ■ e 2 k x ■ k 2 - e x ■ k 1 e 2 ■ k 2 ) - e x ■ k x e 2 ■ k 2 \ (2.20) 

As usual in this type of calculation we rescale T\ t2 = Tu\ i2 , and use the translation invariance 
in t to set u 2 = 0. Setting also k — k± — —k 2 this leads to 

T^lk] = 2 —e- mT {A-KTy-\2{D-2)Tg^-2{D-l)Tg> lv 
Jo T L 

+ J du e -Tu(i-u)k* _ ^ Tg ^ + 2u ) 2 T 2 (g^k 2 - k»k v ) + T 2 Fr] | (2.21) 

In the massless case the first two terms in braces do not contribute in dimensional regu- 
larization, since they are of tadpole type. For the remaining terms both integrations are 
elementary, and the result is, using Y - function identities, easily identified with the standard 
result for the massless QED vacuum polarisation. A suitable integration by part verifies the 
agreement with field theory also for the massive case. Here the tadpole terms do contribute, 
and the comparison shows that to get the precise D - dependence of the amplitude, appro- 
priate to dimensional regularisation using an anticommuting 75, it was essential to keep the 
explicit D - dependence of the A 2 - term in the worldline Lagrangian. 

For an odd number of axial vectors, we need to go back to eq.( |2.14f ) and replace by 
ipo + £. The T>£ - path integral is then executed in the same way as before, but with the 
propagator G B changed to G B - The final result becomes 



r odd [{h,e t };{k 5] ,e 53 }] = ~^H) M+N f e~ m2T (4nT)^ 

T r rT 



x J dTijd9i'--J dr 5N J d9 5N det(ll + QG B )% J d D ^, 
x expi^GsuK! ■ Kj - %9 i G Bi j£ i ■ Kj - ^pBifiiQjZi • £j 



^r-Ui + iQih + e 5i - i9 5i G BiR K R + G Bir 9 5i 9 r e r + V2G Bir 9 5 i9 5r ip 



2 

■{sj + iOjkj + e 5 j — i6 5 jG B jsK s + G B j S 9 5 j9 s e s + V2G B j S 9 5 j9 5s il) l 
+i9 5i e 5i ■ k 5i — (D — 2)5(n - Tj)9 5i 9 5j £ 5i ■ e 5j - iV29 5i G BiJ ip ■ Kj 
-\ / 2G Bij 9 i 9 5j e i ■ 4> + ^2(J2 £ i + J2 £ $i) ' ^0 + V2i9ik { ■ $ 



>0j |lin({ El };{ £5;7 }) 

(2.22) 

Here G^P is defined analogously to eq. (|2.17| ), 

= ° B . (2.23) 
1 + QG B 

The integrand still depends on the zero- mode ipo, which is to be integrated according to 
eq. (|2.5|) . For a given dimension of space-time this can, of course, be easily worked out 
explicitly. 
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3. THE DIRAC ALGEBRA USING FG AND DEDUCING SPIN FACTORS 



Of course it is desirable to have a representation for the heat-kernel which applies to both 
diagonal and off-diagonal elements. The presence of a non-vanishing fermion mass in the 
latter case becomes an essential complication which we will not consider in the present paper. 
Moreover we specialize to D — 4, since we are now going to use more specific properties of 
the Dirac algebra, although many of our methods have analogues in other dimensions. For 
this generalization the coherent state method seems less convenient, and we rather use the 
"Weyl symbol" formalism pl] , |38| , p9| , as follows. We begin by presenting two equations of 



which we will make frequent use : 



V exp J drf (r, j) = V exp J drf (r, V exp J rfrp(r) ■ 7 



(3-12 



p=0 



f T \ 1 f T 

Pexp / drp(r) • 7 = exp -- / sign(Yi - t 2 )p(t 1 ) ■ p(r 2 ) dr x dT 2 

Jo 2, Jo 

x exp / drp(r) ■ 7 
Jo 



(3.2) 



where p m (t), with p = 1, . . . , 4, are Grassmann variables which anticommuteQ with j v , and 
/(r, 7) is a linear combination of antisymmetrized products of 7-matrices. Path ordering of 
matrices (both 7 and later a) , is denoted by V while V denotes path ordering of Grassmann 



derivatives 

dp 

Equations Q, (Q and 

rx(T)=y 



K(y,z;T) 



can be used to convert ( |1.4| ) to 

cT 



x(0)=z 

x exp 



Vx{r)Vexp J drC(x,-jfc) 

1 f T 1 f T 

-- dT 1 dT 2 G F (T 1 ,T 2 )p(T 1 ) ■ p(t 2 ) exp / drp(r) ■ 7 

2 Jo Jo 



(3.3) 



p=0 



In this equation, the V operator above is actually superfluous since the Lagrangian £ is even 
in the anticommuting variables. 

Notice that the last exponential in equations (|3.2|) and ( |3.3| ) depends only on the finite 
set of so-called zero modes of the Grassmann field, TpQ = J drp^{r)^ so the Taylor series 
truncates. 

Equation (|3.2p is a special case of Wick's theorem which relates the V and Sym orderings 



of the operator exp J drp-'j. A more extensive discussion can be found in p2| . The relation 
follows from generalized form of Wick's theorem (see, for instance, page 60 of 0]) which can 



5 The anticommutation of 7 with p (and 9 to be introduced later) is a matter of algebraic conve- 
nience. It should be possible to formulate the problem with the assumption that 7 is a c-number 
valued matrix, in which case V would have to denote reversed path-ordering. However, we follow 
p8| for convenience and retain the convention that 7 is a Grassmann quantity. 
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be used to relate any two operator orderings of a given functional. It's appearance in ( p.3|) 
allows us to draw strong connections with the Feynman rules used in the string-inspired 
formalism, enumerated in chapter 0. For this we defer the reader to appendix |B|. 

One method of dealing with ( |1.4|) is to use the Fradkin-Gitman approach to re- 
place the time ordered exponential involving Dirac matrices by an integral over Grassmann 
variables. The result is 







x(T)=y 



K(y, z; T) oc exp I i 7 • ^- 1 / " Vx(r) / VMr)e^ T) ' m+ I drL ^ 

OO I Jx(0)=z JV(0)+V(T)=v / 2f 



6»=0 



(3.4) 



where L(t) is defined in ( |1 . 7|) . This approach has been exploited in |39| . 

However, it is a bit awkward to work with (|3.4|), due to having the quantity 9 arising in 



the boundary condition on the Grassmann parameter ip over which we are integrating. We 
can simplify ( |1.4|) directly by essentially generalizing a well-known functional identity |§. 
We start by noting the standard result 



T>Ui exp 



-UiAijUj + p^i 



det 1//2 Aexp -piA^pj . 



(3.5) 



where Ui and pi are Grassmann and Ay = — Ajj. From (|3.5|) , it follows that 



Q = exp 



ia _d_ 

2 dp* 13 dp 



3 1 



exp 



-piA^pj + piC t 



p=0 



exp 



IB d_ 

2dp* l3 dp 
1 



j J 



det- 1 /^ 



(3.6) 



-UiAijUj + pi (ui + 



p=0 



-Bji), so that 



Vu>i exp 

(where q is Grassmann and By 

/' 1 I 
Vuji exp -Ui (A^ + By) Uj + CiB^Uj + -j°iB 

Again, employing ( |3.5| ) to compute the functional integral in (|3.7|), we obtain 

Q = det 1/2 (l + A^B) exp 

= det 1/2 (l + A- 1 ^) exp 



- l - Cl B l3 (l + A- 1 ^)^ (A- 1 B) M q + ic,^ 



(3.7) 

(3.8) 
(3.9) 



Although equation (|3.9| ) is formally simpler, equation ( ^.8|) turns out to be more convenient 
for our (perturbative) calculations below. Remembering that q in (|3.8| ) is a Grassmann 
variable, we see that the second exponential in (|3.8|) can be expanded in a finite series 
provide there are a finite number of c^'s. 

The result Q3.8|) is useful for treating the dependence of the path integral in equation ( |1.4|) 
on the gamma matrices. To see this, we now consider the functional 



-Ci [B(A + B) B 



10 



h[B,} = Vexp \ f T dTB^{r)rr (3-10) 
2 Jo 

which is relevant for the case at hand (|1.4|) if the antisymmetric tensor B^(t) is given by 



B 



fJ,V 



We write, using ( pTTj) and (|3~2|) 

rT i 



/ 1 

I a -B4 = exp / dr- 
Jo 2 



B?{t) 



d d 



x exp 



-- / dT 1 dT 2 G F (T 1 ,T 2 )p(T 1 ) ■ pfo) 

2 Jo 



(3.11) 



exp 



drp(r) ■ 7 



p=0 



which becomes 



exp / dr]- 
Jo 2 



B?{r) 



d d 



x exp 
x exp 



1 r T 
~2 

d_ 

1 'de 



dp^ dp 1 

I dr 1 dT 2 G F (Ti, t 2 )p{t 1 ) ■ p{r 2 ) 
Jo 

Jo 



(3.12) 



exp 



=p=0 



where 8^ is another Grassmann variable that antico minutes with both p M (r) and 7 M . Under 
the appropriate identifications, we see that ( |3.8|) can be used to reduce (|3.12|) to 



d_ 
86 



Vexp - ( dTB^{r)Yl u = Det 1/2 {1 - G F B±) exp 
2 jo 

x exp j* dndr 2 dT 3 [^flffa) (n |(i - GfB^ t 2 )^ G f (t 2 , t 3 )B? (r 3 )9 a 



(3.13) 



x exp 



T , 1 
2 



dr-e^Bti^ 



where (using notation which is slightly different from that of chapter |2|), G F B^ is the Lorentz 
matrix- valued integral operator with kernel {T\\G F Bi\T 2 )^ u = G f (ti,T2)B% u (t 2 ). If we now 

9 / n \ 4 

expand e 7 'se, only the terms up to order (^J contribute due to the Grassmann nature of 
the 9. We consequently find that 

I 4 = Det 1/2 (1 - G F B A ) 



(3.14) 



where 



X 



fJ,U 



1 + a^X^ + - £fluXa X^X x ^ 5 



X - J^dT 2 dr 2 dr 3 [flf ( n ) (n |(1 - GpB^) 1 1 r 2^ x ^ G F (r 2 , t 3 )B1 v (t 3 ) 



+ / drSf(r) 



(3.15) 
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The same procedure can be used to derive a similar decomposition when Pauli spin 
matrices a rather than Dirac matrices 7 M occur. (This will prove useful in connection with 
our SO (A) = SU{2) x 377(2) decomposition flggg ) below.) 

If we consider 



igU] = Pexp / drA(r) ■ a 
Jo 

we note that 2ia a = e a bc&b&c, allowing us to write 

1 f T 



I 3 = Vexp- f drBf{r)a a a b 
I Jo 



(3.16) 



(3.17) 



where iB^ b (r) = e abc A c . The analogue of (|3.14j ) is then (remembering that a is only a 
triplet) 



7 3 = Det 1 / 2 (11 - G F B 3 ) (1 + Y) 



(3.18) 



where 



Y = - [(T a , <?b] | 
1 fT 

+ 2Jo 



l r T 



2 Jo 



dndT 2 dr 3 \B?{n) (n (11 -G^)" 1 r 2 ) G^ra^Sffo) 



(3.19) 



This is a generalization of the spin factor of Polyakov ||45|| . 

There is an alternate expression for 7 3 in ( |3.16|) that also proves useful below. In this 
approach we apply the analogue of equations ( J3.1[ ) and fl3.2p to arrive at 



I 3 [A) =Vexp I A(r)-a 



Pexp 



drA(r) 







dp{r) 



Pexp 



drp(r) ■ a 



(3.20) 



p=0 



where again, p{r) is a Grassmann source which anticommutes with the Pauli matrices a. 
Then, after applying equation (^.2[), this can be written as 



h[A] =Vexp 
x exp 



drA(r) 
1 r T 



d 



dp{r] 

1 r 1 

-- / dT 1 dT 2 G F (T 1 ,T 2 )p{T l ) ■ p(r 2 ) 

2 Jo 



(3.21) 



exp (Tp ■ a) 



p=0 



where Tp a Q = f T p a (r)dT. A gain, since po is a Grassmann triplet, only terms up to order 
(po) 3 contribute in the expansion of the last exponential in fl3.21| ), leaving us withf] 



6 Care must be taken here since the assumption that {p, a} = is inconsistent with the multiplica- 
tion rule for the <r-matrices. Thus, it is important that the simplification of the SU{2) structure be 
carried out only after the functional derivatives with respect to p are allowed to act, or equivalently, 
after all a matrices have been be ordered to the right of all p sources. 
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I 3 [A}=Vexp / drA(r) 
[Jo 

1 + Tp~o ■ 3 



d 






dp(r)_ 


exp 


'--( 

2 Jo 



dndr 2 G f (ti, t 2 )p{t 1 ) ■ p(t 2 ) 



-abc 



\T*plp\o c - l -f ahc T*plp\pl 



(3.22) 



p=0 



The expressions for J3 and I4 are in fact related. To see this, we note that the 't Hooft 
symbols 77^, |4TJ can be used to write 







75 



+1 
-1 



Va^a 

using an appropriate representation of the Euclidean Dirac matrices, and 



(3.23) 



Vaij ^aij 

VU4 = • 



i,j = 1,2,3 
J = 1,2,3 



(3.24) 



(Useful properties of the are given in As a consequence, when taking the trace 

over spinor indices of K in ( |1.4j ) we can write 



tr K(y,z;T) = ^tr ff 
± 

± 



x(T)=y 



x(0)=z 
x(T)=y 



Vx(t)V exp / dr [— C±(x, a)] 



x exp 



x{0)=z 

1 r T 



Vx(t)V exp / dr 



T 



C+ (x, ] dr 



(3.25) 
(3.26) 



1 r 1 

- / dridr 2 G f (t u t 2 )p{t 1 ) ■ p(r 2 ) 

2 Jo 



iT* 

IT 



PoPoPo £ abc 



p=0 



where 



£+(x, <r) 



j + H ■ A + la aV ^F^ ± (o a ri% v x»Al + • A 5 ) + (D - 2) A 



1 



(3.27) 



Equation ( |3.26| ) follows from ( |3.25| ) by direct application of ( ^.16| ) and Q3.22j ). The functional 
trace of K(T) can be found from (|3.25|) by setting z = y and integrating over y, effectively 
imposing periodic boundary conditions on x(r). Unlike in chapter^, there is no Grassmann 
integral to be considered. 



4. THE VVA ANOMALY 

Any new formalism for axial vector computations must, of course, be confronted with 
the axial anomaly. In |3v| it was already shown that the present formalism correctly yields 



the anomalous divergence of the chiral current in the VVA function. Moreover, a complete 
cancellation between Feynman numerators and denominators was found in this calculation 
after a suitable integration by parts. We will now first extend that calculation to the off- 
shell case, and then rederive precisely the same integrand using the above SU{2) x 577(2) 
formulation. 
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A. The VVA anomaly from the Master Formula 

As explained in it is visible already at the path integral level that in the present 
formalism the anomalous divergence implied by the ABJ anomaly [H6| is generally confined 
to the axial-vector currents. Calculation of the VVd ■ A amplitude either using the master 
formula eq. (|2.22 ) or by a direct Wick-contraction of eq.( p.l3j ) yields the following parameter 
integral, 

dT 



kP{A»A v A p 5 ) = 2e> XVKX klk* / — (4vrT)" 2 TT / dr q 

Jo T H[ Jo 



x exp 



(Gb12 — Gsi3 — Gb23)^1 ' ^2 — G BV3^\ — G B23^ 
X + ^2) 2 + (Gb12 + Gb23 + Gb3i)(Gb13 ~ G B23)k\ ' k 2 — (G*B13 + G B23j 

(4.1) 

Here momentum conservation has been used to eliminate k%. Removing the second deriva- 
tives Gbi3 {Gb23) by a partial integration in t\ {t 2 ), the expression in brackets turns into 



{Gbi2 + Gb23 + Gb3i) 2 + G 2 B12 



h ■ k 2 
4 

~ ~T 

In the last step we used the identities 



G 2 bv3 ~~ G 2 B 23 r + ~ Gms) + ^2(1 ~~ G 



2 1 

B23) 



Gb\2 — Gb13 ~ GB23jkl ■ k 2 — Gb13^i ~ Gb23^ 2 



(4.2) 



G B ij + G B jk + G B ki = -sign(ri - r i )sign(r i - r fc )sign(r fc - n) 



G B ij = 1-4%* 



(4.3) 



This is precisely the same expression which appears also in the exponential factor in ( [4.11 ). 
After performing the trivial T - integral we find therefore a complete cancellation between the 
Feynman numerator and denominator polynomials, and obtain without further integration 
the desired result, 



(47T) 



(4.4) 



B. The VVA anomaly from SU(2) x SU(2) 



Alternatively we can compute this three-point function also using eq.( 3.26 ). Evaluating 
the heat kernel in (|3.26| ) with the background configuration 



Ail?) 



e1e ikvx + e%e ik2 ' x 

fJ. ik 3 -x 
e 3 e 5 



(4.5) 



and extracting the contribution which is linear in all three polarization vectors Ej we obtain 
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tiK\ 



VVA 



2E 

± 



Vx(T)e~ ft ^ dT V 



x(0)=x(T) 



X 



dr x { 
dr 2 ( 



ix lvi + 







■ai(n) 
d 

dpa 2 {T2) 



v\ iki-xi 

C 1 o 



(4.6) 



/ dTs(-l) 

JO 



(9 



x exp 



dPa 3 (r 3 

1 r T 

- - / dn dr 2 GV (ti , t 2 ) p(ri ) ■ p(r 2 
2ei„ 1 £ 2! , 2 e3 l/ 3^(±) / 



^3-353 
fcg e 



~3T 



PoPoPo £ abc 



p=0 



X 



Jo 

(4.7) 



; (0)=x(T) 

ii^i^fcs^ ~^J, m *iMi ^2^^2^(7-2, r 1 )sign(n - t^)/^ 
+ii^^ 2 z, 2 /c 2 / , 2 ^3^i;3 / ,3G'F(r3,r 2 )sign(r 2 - r 3 ) + (1 «-> 2) 



+^ 1 ^ 1 fc i^i% ± A12 ^^ 2 ^ 3; ,3i3^^ c baSign(r 1 , r 2 , r 3 ) 

(Note the simplification Gp(r, r')sign(r / — r) = —1.) Here the V ordering of anticommuting 
variables has been resolved using the usual signum function as well as its following higher- 
point generalization, 



sign(n, r 2 , . . . , r n ) = J] sign(^ - t s ) 

l<i<j<n 



(4- 



Further simplification is provided by the algebraic properties of the r\ symbols [JHJ. Of 
particular use are the identities 



Vami/iVa^^ ~ ^iM2^l^ 2 fifli^viflz ~ S r e ^ifi^2 



£ abcVbri 2 u 2 V, 



(4.9) 

1 ''< 7 '.i"3 "M2A*3^ai^2^3 " P-2ViVaV2p,3 ^ ^2^3^ a\i2V3 ^2^3^a/i 2 /i3 

The application of these rules to an equation such as (|4.7|) can be greatly simplified if one 
recognizes that the rules for 77+ differ from those for r)~ only in the sign coefficient of 
£/j,i/p\- The effect of subtracting the + and — contributions is to double those terms which 
are proportional to the e - tensor while canceling those which are not. Furthermore, for the 
ABJ anomaly, we are interested in the longitudinal axial polarization £3 cx k 3 which together 
with conservation of momentum eliminates terms of the form e w mvz x ki^k^k^. 

We then integrate over the trajectories x(r) using same contraction rules and path inte- 
gral normalization as in chapter This yields 

roc (IT rT 

k 3 u 3 (A V1 {k x )A n {k 2 )A^{k 3 )) =2e UlU2fll ^k^k^ — (4ttT)- 2 / dr x dT 2 dr 3 

Jo 1 Jo 



x exp [k x ■ k 2 G B12 + k 2 ■ k 3 G B23 + k x ■ k 3 G m3 ] 



(4.10) 



x 



{&3 + [G B i3 ~ G B 2z) sign(r 1; r 2 , T 3 )k x ■ k 2 - (G B13 + G B23 )} 



Using eq. 
eq.(O)- 



we see that this is precisely the same integrand as was obtained above in 
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5. INCLUSION OF EXTERNAL FERMIONS 



The heat kernel evaluated by using the quantum mechanical path integral in conjunction 
with the FG approach to replacing Dirac matrices by a path integral over Grassmann vari- 
ables can also be employed to compute Green's functions involving external fermions and 
quantized gauge fields. This we illustrate by considering the Lagrangian 



1) {tf + 4 + 7 5 4s) if> 



\ (d,A 5u ) {PA%) - \ (d,A u ) (d»A- 



(5.1) 



in the Feynman gauge for an axial vector field Az,p, a vector field Ap and a massless spinor 
field ip. If we have an external component to the spinor field xp, then the one-loop effective 
action involves the functional determinant. 



sdet" 1/2 M = sdet~ 1/2 







1 




-p 




— \T f — 

v 
2 



(^757^ 



-P 2 



\ 



(5.2) 



Premultiplying (|5.2|) by 



leads to 



sdet" 1/2 XM = sdet~ 1/2 



X 



fo 

y 1 
o 














sdet- 1 / 2 



/ p 2 
p 2 
(l^f -^7 M 

V-(757a^) T -^757 m 

/ P P \ 

p p 

p p 

V o o o ppj 



\ 





pfivi) 

p 2 




IhluPj 



P 2 



T 



f o 




\o o 








/ 

757^7 P 






(5.3) 



(5.4) 



+ - 



'o 











-ilpl5lu^,p 











v o 





J 
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+ 



This is of the form 



provided 



/ o\ ' 



-(7^) T -^7m 

V - (757/, -^757^ J 



sdet~ 1/2 Up - A) 2 + V 



> . 



/ 



A n = - 



Ivlp 



Jpjvlp lpl5lu^ 


\0 



and 



V 













I ($lvlp) p I (?757^7 P 
-|7p7^,p -|7p757^V',p 
-(7p^) T -^7 M 



Since we can express 

lnsdet" 1 / 2 \{p-A) 2 + V 



1 , 

-str In 
2 

1 



2r(s) 





(p - A) 2 + V 

> , 

dTT 3 ' 1 str (x 







(5.5) 



(5.6) 



(5.7) 



(5.8) 



exp-T (p-Af + V 



where operator regularization [[|7]] has been used[], we see that the one-loop effective potential 
can be worked out by considering the path integral for the matrix in 



M yz = V 



x{T)=y rT 

Dx(t) exp / dr 

x(0)=z JO 



X 



-+iA(x(r))-x(T)-V(x(r)) 



(5.9) 



The FG procedure for replacing the 7 matrices occurring in ( |5.6|) and ( |5.7| ) when they are 
inserted into ( |5.9|) is now straightforward; an example of how this is done in the context of 



the Yukawa model is given in [39 



Of course one could as well use heat kernel regularisation. 
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6. DISCUSSION 



In this paper we have considered various aspects of handling 7-matrices that appear 
in the quantum mechanical path integral which arises when computing radiative effects in 
models in which a spinor is coupled to both a vector and axial vector field. These 7-matrices 
can either be replaced by an integral over a Grassmann parameter, or reduced to a "spin 
factor" . 

The Dirac matrix valued worldline Lagrangian in ( |1.4| ) (and, indeed the squared operator 
which appears in equation ( |1.2|) ) commutes with 75 and leads to an apparent decoupling 
of the left and right-handed spin sectors, as we saw in equation fl3.25| ). This property also 
led to simplifications in the calculation of the axial anomaly. In models with isotopic spin 
symmetry, SU(2) matrices r a enter into the path integral and can be treated in a manner 
identical to the way in which the Pauli spin matrices a a have been treated in ( |3.20| )-( |3.21| ). 
In fact, generators of the spinor representation of a group SO(N) can be treated in a manner 
similar to equations (|1.4|)-(|TT5|). This possibility was also considered in f48|| . 

On the applied side, our main result is in the master formulas Q2.19|) ,( |2.22|) . They con- 
stitute a generalization of the QED Bern-Kosower master formula for photon scattering. 
To discuss the potential usefulness of these formulas it is necessary to restate some known 
facts about the relation between the "string-inspired formalism" and standard field theory 
|T0| , |49|jr3| . Generally, the parameter integrals obtained in string-inspired approaches corre- 
spond to a second order formulation of the field theory in question. For example, in scalar 
QED the parameter integral obtained for the N - photon amplitude from the Bern-Kosower 
master formula can be directly identified with the corresponding Feynman parameter in- 
tegral. This requires the rewriting of Feynman parameters as differences of proper-times, 
and the use of momentum conservation. The seagull vertex present in scalar QED then 
corresponds precisely to the 5 - function appearing in the second derivative of the bosonic 
worldline Green's function. 

The same identification works also for spinor QED, however not in its usual first-order 
formulation, but in a second-order formulation. The existence of such a reformulation of 
spinor QED has been known for a long time ]51]|JoT[ ] . However it has rarely been applied 
in practice, and was worked out in detail only recently in f52|| , where also the non-abelian 
generalization was investigated. Those second-order Feynman rules, as well as their gener- 
alization to the vector-axialvector case, can be directly read off eq.( |1.2| ) and are given in 
appendix [D|. For the QED case they are an extension of the scalar QED rules, with a scalar 
propagator for the electron, and an additional vertex involving the - matrix. (This is 
also the reason why in QED applications the "string-inspired" formalism generally allows 
one to obtain scalar QED results as a byproduct of spinor QED calculations (T^f2^|). 



Despite of this direct correspondence, the worldline representation of the parameter inte- 
grals has two advantages over the Feynman parameter representation. Firstly, by rewriting 
the integrand in terms of the "circular" functions Gs,Gp it is brought into a form where 
one can perform partial integrations in parameter space without generating boundary terms 
(in the abelian case considered here). In the QED case this can be used to remove all G^'s 
appearing in the initial integrand, and to arrive at a Feynman numerator which is completely 
expressed in terms of the various Gsij, and homogeneous in the external momenta fll0| . |r3f . 
This rearrangement leads to a canonical gauge invariant decomposition of the N - photon 
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amplitude |53] and also to intriguing cancellations in the calculation of the QED 2-loop (3 - 
function [fLq| . Moreover it makes the worldline supersymmetry, implicit in the path integral, 
manifest at the parameter integral level pj| , |l3| , |53| (for more on this point see appendix C). It 
will be interesting to work out the consequences of the partial integration procedure for the 
generalized master formulas. As we have already seen in chapter 4 it leads to a trivialization 
of the parameter integrals in the case of the ABJ anomaly. 

A second advantage of the worldline representation is that the integrands are valid for an 
arbitrary ordering of the external legs, so that one can write down whole one-loop amplitudes 
"in one piece" , with no necessity to sum over crossed diagrams. This property is less relevant 
at the one-loop level but leads to interesting consequences after multiloop generalization 
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Somewhat unusual is also the behaviour of the present formalism with respect to chiral 
symmetry in the dimensional continuation. It should be remembered that, in field theory, 
one has essentially a choice between two evils. If one preserves the anticommutation rela- 
tion between 75 and the other Dirac matrices 54] then the chiral symmetry is preserved for 
parity-even fermion loops, but Dirac traces with an odd number of 75 's are not unambigu- 
ously defined in general, requiring additional prescriptions. The main alternative is to use 
the 't Hooft-Veltman-Breitenlohner-Maison prescription |^3[^BJ. In this case there are no 
ambiguities, but the chiral symmetry is explicitly broken, so that in chiral gauge theories 
finite renormalizations generally become necessary to avoid violations of the gauge Ward 
identities [|?H59|. 

Since our path integral representation was derived using an anticommuting 75, we have 
not broken the chiral symmetry. In particular, in the massless case the amplitude with an 
even number of axialvectors should coincide with the corresponding vector amplitude, and 
we have explicitly verified this fact for the two-point case. (Even though the structure of the 
resulting Feynman numerators is quite different from the equivalent ones derived from the 
ordinary Bern-Kosower master formula.) Nevertheless, we did not encounter any ambiguities 
even in the parity-odd case, not even in the anomaly calculation. As was explained already 
in part I, it is clear already from the structure of the vertex operators that only the axial 
vector currents can develop anomalous divergences. This property makes us optimistic about 
the potential usefulness of this formalism for calculations in chiral gauge theories. 

Finally, let us mention some generalizations of the formalism developed here which would 
be entirely straightforward. First, the manipulations leading to eq. Ql.6f) could as well be 
carried out with an additional scalar background field (though in the massive case not with 
a pseudoscalar one). Then, also our restriction to the abelian case was largely a matter of 
expedience. Finally, the master formulas ( f2.19| ),( |2~"2"2"D could be easily modified to take an 
additional external constant electromagnetic field into account along the lines of p2| . The 
special case of the 2-point vector - axial-vector amplitude in a constant field was already 
considered in In addition, one could also deal with the Lorentz violating theories 



considered in 61 
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APPENDIX A: COHERENT STATE REPRESENTATION OF THE EFFECTIVE 

ACTION 



In this appendix we use the coherent state formalism developed in [37|] to transform 
the functional trace of the heat kernel K(x,y;T) in eg. (|1.4j ) into a quantum mechanical 
path integral. Our treatment closely parallels the one in ]32] except that they work in six 
dimensions. Define matrices a+ and a~, r — 1,2, by 

1 , 1 

«i = 7^ 71 ±i73 )' 4 = 2^ 2± ^ 4 )' ( Al ) 

Those satisfy Fermi-Dirac anticommutation rules 

{a+, aj} = 5 rs , {a+, a+} = {a T 7, a;} = (A2) 

Thus we can use a+ and a~ as creation and annihilation operators for a Hilbert space with 
a vacuum defined by 

a -|0) = (0 | a+ = (A3) 

Next we introduce Grassmann variables rj r and fj r , r = 1,2, which anticommute with one 
another and with the operators af, and commute with the vacuum | 0). The coherent states 
are then defined as 

(V |= «<° I fai ~ °l )0?2 - «2 ) | V) = exp(-r/ 1 a 1 h - r) 2 aj) | 0) 

(77 |= (0 | exp(-a^i - aj77 2 ) | fj) = ifa - of )(% - oj) | 0) (A4) 

It is easily verified that those satisfy the defining equations for coherent states, 



(v 


a r = (rj | r] r 


a r \t}) = rj r 


v) 


(v 


v) 


= exp(r]ir]i + r] 2 r] 2 ) 


(fj 


a? = (f}\ f) r 


a+ | fj) = f] r 


fj) 


(fj 


v) 


= exp(^ir]i + 772/72) 



(A5) 

Also one introduces the corresponding Grassmann integrals, defined by 

Vidr]i = / Vidfji = i (A6) 



The drjrjdrjr commute with one another and with the vacuum, and anticommute with all 
Grassmann variables and the af. This leads to the following completeness relation 

1 = i J I rj) (r) I d 2 r] = —i J d 2 f\ \ fj) (fj \ (A7) 

(d 2 rj = d^drjx, d 2 fj = dfjid^), and to the following representation for a trace in the Fock 
space generated by the af, 

Tr(U) = i f d 2 7] (-7] I U | rj) (A8) 



We can now apply these fermionic coherent states together with the usual complete sets of 
coordinate states to rewrite the functional trace of ( |1.4j ) in the following way, 
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Tre TS = i J d A x J d 2 i] (x, —i] | e TS | x, 77) 
r N 

= i N JjO^WfcW I e"^ s | x i+1 ,i] l+1 )) (A9) 



where £ = — (<9 M + i^4 M ) 2 + V. The boundary conditions on the x and 77 integrations are 
(x +1 , f] N+1 ) = (x 1 , — 77 1 ). For the evaluation of this matrix element it will be useful to look 
first at the matrix elements of elementary products of Dirac matrices. For the product of 
two 7's one finds 

(V 1 I 7^7, I V l+1 ) = ~ij d 2 t l+l W I 7f i+1 )(7f'* +1 I r/ i+1 >2 V±v (A10) 

where 

Vl,2 = ^= « 2 + ^f 1 ), V3,4 = -^(Vl,2 - C^ 1 ) (All) 

To verify this equation one rewrites the Dirac matrices in terms of the af and then inserts 
a complete set of coherent states | fj t,t+1 ) in between them. 

To take also the 75 - matrix into account it is crucial to observe that, expressed in terms 
of the af, it is identical to the fermion number counter or "G-parity operator" (— 1) F 

75 = (-if = (1 - 2Fi)(l - 2F 2 ) (A12) 

where 

F = F 1 + F 2 , with F i = atar (A13) 

From the identity 

2 2 
(-V I H F = i{0 I - «;)(! - 2a r + a r ~) = z(0 | + O = (17 | (A14) 

r=l r=l 

it is clear that the presence of (— 1) F can be taken into account by switching the boundary 
conditions on the Grassmann path integral from antiperiodic to periodic. 
With this information it is now easy to compute that 



(2ir) J 



i -x l+1 )p i + 1 + (r } i -T 1 i + 1 ) r ri i r ' i+1 



X 



(27T)* 

1 - A*** 1 , Af + \ 2 (-if] + O(^)] (A15) 



Here the superscript on a field denotes the average of the corresponding fields with su- 
perscripts % and z + 1. Inserting this result back into eq. (|A9|) one obtains, after symmetrizing 
the positions of the Grassmann variables in the exponentials, 
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1 „ N 7^7-12 



r iV 1 1 •> 

expjj: [i^ - x*+ V^ 1 + 5 W - ^r +1 )^ +1 " M - ) (A16) 



Introducing an interpolating proper-time r such that n = T, r w+1 = 0, and r* — r l+1 = 
and taking the limit iV — > 00 in the usual naive way, we finally obtain the following path 
integral representation, 



Tre TS = J Vp j Vx j ^ Vr/Vr/exp^J^ dr ix ■ p + ~f) r r) r - -rj r r} r - S[p, A, A 5 , 2^^, 7s] j 

(A17) 

The "P" denotes the antiperiodic boundary conditions which we have for 77, fj originally. 
The operator (— 1) F has turned into an operator 75 whose only raison d' etre is to determine 
the boundary conditions of the Grassmann path integral; after expansion of the interaction 
exponential a given term will have to be evaluated using antiperiodic (periodic) boundary 
conditions on Vrj, Vfj, if it contains 75 at an even (odd) power. After the boundary conditions 
are determined % can be replaced by unity. 
The continuum limit of eqs. (|All| ) is 

V>i,2(r) = -y|(77i,2(T) + /7i, 2 (r)), $,, 4 (t) = ^(ViM ~ M^)) (A18) 

This suggests a change of variables from 77, fj to ip, which we complete by rewriting the 
fermionic kinetic term, 

2 W - ^VrVr = ~\^^» ( A19 ) 

The boundary conditions are now (x(T),ip(T)) = (x(0), — t/>(0)). Finally, we note that the 
momentum path integral is Gaussian, and perform it by a naive completion of the square 
(for a less unscrupulous treatment of this point see again |3"2"|], as well as for the various 



normalization factors involved). This brings us to our following final result 
T spin [A,A 5 ] = -2 jH ^e~ m2T J Vx J V^e'So^^ (A20) 
L(r) = ix 2 + + *^ - - 2i%x^^ u Al + i^Ag + P " 2 )^5 



8 Our definition of the Euclidean effective action differs by a sign from the one used in 
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APPENDIX B: WICK'S THEOREM AND THE SPIN PATH INTEGRAL 



In this appendix we discuss the connection between Wick's theorem ( |3.2j ) as it is used in 
C P ■ 3| ) and the Feynman rules of the spin path integral ( |1.6| ) as described in chapter EJ, where 
one is generally interested in the trace of the heat kernel 



J d D ytrK(y,y;T). 



Expanding ( |3.3| ) in powers of its axialvector (and, in the more general case, pseudoscalar) 
couplings (i.e in powers of 75), we notice that there are only two possible nonzero traces 
which can arise: 

For even powers in the 75 expansion we have 

trexp(Tp -7) = 4. (Bl) 

In this case, the partial derivatives -g- which occur in ( |3.3|) are forced to act on the propagator 
exponential and lead to Feynman contractions which resemble ( |2.6| ) 

(VinWfo)) = -signCn - r 2 )<T 

where we make the correspondence dp ®^ — > V^V^C 7 ")- 
For odd powers we have 

4T 4 

tr 75 exp (Tp ■ 7) = VPoPiX • (B2) 

For such processes, the zero-mode contributions to the propagator exponent are prohibited 
from contributing, due to the Grassmann character of po- As a result, we may safely remove 
the zero modes from the exponential, replacing it with 



cxp 



1 rT / n - r 2 \ 

2 Jo dTldT2 [ sign ( Tl ~ T ^ ~ 2 T ) P ^ Tl ' ' P ^ 



(B3) 



So that the partial derivatives ^- may act either on the zero mode terms or the propagator 
exponential (|B~3|). Making the correspondence g p f( T ) — *■ v^2 [^q + £ m (t)] we arrive at a 
Feynman rule similar to the zero-mode rule in (|2.5|) 



4« = ^ KX 
and one similar to the non-zero mode Feynman rule in (ET" 



(e(n)r(r 2 )) = - (signCr! - r 2 ) - 2^^ 



fiV 
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APPENDIX C: A COMMENT ON WORLDLINE SUPERSYMMETRY 



It is of interest to consider the supersymmetry present in the coherent state formulation 
of the quantum mechanical path integral in the case where there is only an external vector 
field (and no background axial or spinor fields). These considerations will demonstrate the 
importance of having anti-periodic boundary conditions for the Grassmann variables being 
integrated. 

It is known that the supersymmetry properties of the worldsheet string action put strong 
restrictions on the cycle structure of the worldline approach to amplitude calculations. In 
fact, the kinematic factors must vanish when the Bosonic and Fermionic Green's functions 



both satisfy periodic boundary conditions [52,10 



Here, we show how a simplified worldline supersymmetry can be used to arrive at the 
same conclusion without resorting to any analysis based on the cyclic structure of the Green's 
functions. 

We begin with the following path integral expression 

K± = J Vx{t) J Vi){r)e~ ^ L(j)dT (CI) 

where L is given in equation ( |1.7[ ) (with A 5 = 0), x(r) is a closed Bosonic path, and tpij) is 
a Fermionic trajectory with the boundary condition ip(T) = ±ip(0). 

The one-loop effective action for the vector field A is well-known to be related to K-, 
but if, instead we consider the path integral K + with periodic boundary conditions on the 
t/>(t) variable, then we notice that it possesses the following supersymmetry 

Qx" = -2^ (C2) 
= x" . 

It is trivial to show that the supersymmetry generator has the property 

Q^-2±. (03) 

We now observe that the Lagrangian L is in the image of the supersymmetry generator, 
specifically, 



Q 



l 

-x ■ ip + iip ■ A 



(C4) 



which, by (|C3|) is sufficient to show that Jq drL is supersymmetric as long as x(r) and t/>(t) 
are both periodic. We define Q = J T dr C^x ■ ip + iip ■ Aj . 

We will now demonstrate, using the techniques of [Q, that a supersymmetric Ward 
identity guarantees that K + is independent of the vector field A. 

The functional derivative of K + with respect to A^(x) is 



8A»(x 



J Vx(r) J D^{T)e- QU Qn„{x) (C5) 
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where %(x) = 

Using the standard path-integral derivation of Ward identities, we now consider the path 
integral 

J Vx{t) J V^(r)e- Qn VL^x) (C6) 
which should be invariant under the following change of variables generated by 



x '» = x » + eQx" 

^ = ^ + eQip" (C7) 
n' = n + eQft 



where e is some Grassmann number. From ( |C2| ) it is straightforward to see that this trans- 
formation preserves the periodic boundary conditions of xir) and ip(r) and that its Jacobian 
superdeterminant is unity. The action QQ is invariant under (|C7|) . Hence, we discover that 
( |C6D is equal to 

J Vx{t) J V^r)e-^ n + eQQ,(x)] . (C8) 

The equality of ( |C6|) and (|C8[) immediately implies that ( |C5|) vanishes and that K + is 
perturbatively independent of A^(x). 

Considering the simplicity of this proof, the topological nature of these amplitudes is 
surprisingly nontrivial to see at the parameter integral level. Things work out neatly for the 
case where only a constant background field is present. Treating this case in Fock-Schwinger 
gauge along the lines of one finds that the path integral determinant factors into two 
Euler-Heisenberg type determinants from / T>y and / X>£, which cancel by super symmetry, 
and a Grassmann zero mode contribution. This zero mode contribution is given, for D = 
An, by the n - th Pontrijagin density, thus leading to a topological number indeed (which 
vanishes for the abelian case). However things are less transparent for the full N - point 
amplitude. Here the main term, not involving the Grassmann zero mode, can be seen to 
vanish after applying the partial integration procedure and the appropriate Bern-Kosower 
substitution rule |53] (which originally was derived in the string-context from worldsheet 
supersymmetry [fTOfl). However there exist many more contributions involving the zero mode, 
and the mechanism of their vanishing seems not obvious. 
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APPENDIX D: SECOND-ORDER FEYNMAN RULES 

Here we give the second-order (Euclidean) Feynman rules for the Lagrangian ( |5.1| ), as 
following from eq. ( |1.2| ). We have now restituted the coupling constants, A — > eA, A 5 — > e 5 A 5 . 
The photon propagator is the usual one. 



1 

k 2 + m 2 



a 



^{ib^^pa {k + k' 



k' 




a 



r 



e(<v)/3 Q (k' - k) 1 



a 



e 5 (l5)f3a (k' - k) 



k' 



FIG. 1. Second order Feynman rules 

A factor — | is to be supplied for a closed fermion loop, as well as a spinor trace (even 
for diagrams not involving Dirac matrices, which then carry the unit matrix). For more 
information on the second order formalism see [p2]| . Note that those rules remain valid in 
dimensional regularization with no further changes; there is no analogue of the D - dependent 
coefficient which we had in the worldline Lagrangian. 

The calculation of the one-loop amplitude for M vectors and N axialvectors with these 
rules yields, using Feynman parameters, precisely the same integrands as we have in our 
master formulas eqs. (|2.19|) , (|2.22|) . However the master formulas already give the complete 



amplitude, with all crossed diagrams included. An individual diagram is represented by an 
ordered sector r il > r i2 > ■ ■ -, the Feynman parameters being the differences of adjacent 
- parameters (with our conventions the charge flow is in the direction of ascending r,i). 
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